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In this letter we study a new class of inflation models which generalize the Dirac-Born-Infeld
(DBI) action with the addition of a nonminimal kinetic coupling (NKC) term. We dubbed this
model as the new DBI inflation model. The NKC term does not bring new dynamical degree of
freedom, so the equations of motion remain of second order. However, with such a coupling, the
action is no longer linear with respect to the Einstein curvature term (R or Gµν), which leads to a
correction term of k4 in the perturbations. The new DBI inflation model can be viewed as theories
beyond Horndeski. Without violating nearly scale-invariance, such a correction may lead to new
effects on the inflationary spectra that could be tested by future observations.
PACS numbers: 98.80.Cq
I. INTRODUCTION
Recently there has been much effort in the study of
generalized scalar field theories. Examples of such non-
canonical theories include the Galileons [1, 2], Horn-
deski theories [3, 4], or even beyond [5–8]. The
Galileon/Horndeski type models generalized ordinary
scalar field theories by including higher derivative terms
and/or nonminimal couplings in specific forms such that
the equation of motion remains of second order, i.e., there
are no redundant dynamical degree of freedom. This
interesting feature has been applied to many contexts
in cosmology where scalar fields play an important role,
such as inflation [9], dark energy [10], and bouncing cos-
mology [11], etc.
In standard Galileon/Horndeski theories, the action
contains only higher derivative terms or nonminimal cou-
pling terms at the linear order. However, there are many
well-motivated cosmological models whose action have
non-linear forms. A prime example is the Dirac-Born-
Infeld (DBI) action. The DBI action describes the dy-
namics of an extended object that breaks spontaneously
the Poincare invariance of a higher dimensional theory
[12]. Indeed, DBI action arises in the context of D-branes
in string theory [13] (see e.g., [14–16] for the derivation
for some D-brane systems). When applied to inflation
as in [17, 18], the inflaton field denotes the position of a
D3-brane in a higher dimensional space. Aside from its
fundamental origin, the square root feature of the DBI
action brings several observational novelties. The most
important of which is that the level of non-Gaussianities
is enhanced by the inverse sound speed [19]. The ob-
servational signatures and the leading non-Gaussianities
(bispectrum) of this generalized class of single field infla-
tion models have been thoroughly examined in [19], and
extended to the inflationary trispectra in [20, 21]. The
strongest constraints on DBI inflation, especially on its
sound speed, from the recent PLANCK data [26], come
from the absence of such non-Gaussian features. Such
non-Gaussianity constraints also apply to other variants
of DBI inflation, such as the IR model [22], generaliza-
tions to other warped throats [23, 24] and DBI inflation
with multi-fields [25].
As the DBI action is only an effective theory, it is sub-
ject to higher order corrections from the full theory of
gravity. There have been many studies on the possible
corrections to DBI actions in string theory, see e.g. [27–
31]. Moreover, the cases of putting gravitational terms
into square-root has also been investigated for a long time
in modified gravity theories, from Eddington in 1924 [32]
to more recent literatures [33, 34]. Therefore in this pa-
per, we discuss about another kind of correction, that is
to have the kinetic term in the square-root of the action
coupled to Einstein tensor. This coupling term can be
found in Horndeski theory and shares some of its nice
properties as mentioned above, but what is different is
that now this term will appear as a non-linear term in
the action, which may bring new interesting results.
II. OUR NEW DBI MODEL
A. background
The action of our model is as follows:
S =
∫
d4x
√−g[ R
2κ2
− 1
f(φ)
(
√
D − 1)− V (φ)] , (1)
where D ≡ 1− 2αf(φ)X + 2βf(φ)X˜ , and
X ≡ −1
2
gµν∇µφ∇νφ ,
X˜ ≡ − 1
2M2
Gµν∇µφ∇νφ (2)
whereM is some energy scale, therefore under FRWmet-
ric gµν = diag{−1, a2(t), a2(t), a2(t)} where a(t) is the
scale factor of the universe, it becomes D = 1−αf(φ)φ˙2−
3H2βf(φ)φ˙2/M2. The form of X˜ has been proposed in
[35] and is widely studied in cosmology, see [36–41]. Since
2in the above action, the NKC term (namely 2βf(φ)X˜ , or
β-term in the following) which resides inside a square
root is non-linear, the action cannot be transformed to
that of the Galileon. More general actions with this fea-
ture have also been studied in [5], where the main focus
is on the late-time acceleration. From our action eq. (1),
one can straightforwardly obtain the equation of motion
for φ:
0 =
fφ
f2
(
√
D − 1)− fφ(D − 1)
2f2
√
D −
fφ
2f2D3/2 (D − 1)
2
+
f
D3/2 (αg
µν − βGµν)(α∇µX∇νφ− β∇µX˜∇νφ)
+
1√D (αg
µν − βGµν)(∇µ∇νφ)− Vφ (3)
and the Einstein Equation:
Gµν = κ
2Tµν ,
Tµν = gµν(− 1
f(φ)
(
√
D − 1)− V (φ)) + α∂µφ∂νφ√D
−2βRρµ∂
ρφ∂νφ√
D +
β∂µφ∂νφ
2
√
D R−
βX√
DRµν
+(
β∂µφ∂
εφ√D );ν;ε + (
βX√D );ν;µ −✷(
β∂µφ∂νφ
2
√D )
−2✷( βX
2
√D )gµν − (
β∂λφ∂εφ
2
√D );ε;λgµν (4)
Under FRW metric, Eqs. (3) becomes:
0 =
3βH2
M2 + α
D3/2 (φ¨+ 3HDφ˙)−
fφ
2f2
(
3D − 1
D3/2 − 2)
+
3β
M2
HH˙
D + 1√D φ˙+ Vφ , (5)
and the energy density and pressure of the model can
also be obtained by Eq. (4):
ρ =
(
√D − 1)
f(φ)
+ V (φ) +
αφ˙2√D +
6βH2φ˙2
M2
√D , (6)
p = − (
√D − 1)
f(φ)
− V (φ) − 3βH
2φ˙2
M2
√D − (
βHφ˙2
M2
√D )
· ,(7)
where a ‘dot’ denotes the time derivative with respect to
time in Eq.s (5-7). From the above one can see that in the
limit of β → 0 which implies the absence of the β-term,
the action reduces to that of the usual DBI inflation. For
the non-slow-roll case (αfφ˙2 . 1, or
√
D & 0, where
√
D
is identified with the sound speed), large non-Gaussianity
can be generated [19], a feature disfavored by the latest
Planck 2015 data [26]. In the slow-roll limit (αfφ˙2 ≪ 1,√D ∼ 1), the action reduces to that of canonical scalar
field inflation.
However, when the β-term is important, there are in-
teresting modifications, even in the slow-roll regime. One
of which, as will be seen, is that the mass scale of the
inflaton can be altered. We are interested in the case
that the β-term dominated over the α-term. In an FRW
background we have X ≃ φ˙2/2, X˜ ≃ −(H/M)2φ˙2/2 re-
spectively. The β term dominates under the condition
H ≫ M . Taking the potential to be V (φ) = m2φ2/2
as an example where m is the mass of the inflaton, the
equation of motion (5) can be reduced as:
φ¨+ (3− ǫ − s)Hφ˙−
(
mM
H
)2
φ = 0 , (8)
in the leading order. Here we have defined ǫ ≡ −H˙/H2
and s ≡ √˙D/(H√D). See also other slow-roll inflation
models with NKC term in e.g. Ref. [36]. One can see
that the effective mass of φ is meff = mM/H , i.e., it is
suppressed by a factor H/M . This means the constraints
on the mass of inflaton can be relaxed. Even a larger
massive parameter m can lead to the desired inflation
scale meff .
B. Perturbations
In addition to the inflationary background, it is also
important to analyze its perturbations, for the second
order perturbations seeds fluctuations in the Cosmic Mi-
crowave Background Radiation, as well as the galaxy dis-
tribution and gravitational waves. The perturbed line
element can be written as follows:
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt) , (9)
where the lapse function N , the shift vector N i and the
induced 3-metric hij can be perturbed as:
N = 1 +A , Ni = ∂iψ , hij = a
2(t)e2ζ+2γij , (10)
respectively. According to the ADM formalism, one can
also decompose the elements in action (1) as [42] (also
see the Appendix in the first paper of [41]):
R = (3)R+KijK
ij −K2 , X = φ˙2/2N ,
X˜ = − 1
4M2
φ˙2
N2
((3)R−KijKij +K2) , (11)
here (3)R is the 3-curvature, and Kij is the extrinsic cur-
vature, with K ≡ Tr(Kij). Therefore, the second order
action for tensor perturbation reads:
ST2 =
1
8κ2
∫
d4xa3[FT γ˙2ij − GT
(∇γij)2
a2
] . (12)
from the action one can get the sound speed squared for
the tensor perturbations:
FT = 1− κ
2βφ˙2
2M2
√D , GT = 1 +
κ2βφ˙2
2M2
√D , c
2
T ≡
GT
FT .
(13)
3In order to maintain stability under tensor pertur-
bation, the sound speed squared must be positive, i.e.,
c2T > 0. From (13) this implies 2M
2
√D > κ2|β|φ˙2, which
will give us a constraint in the following analysis. Note
that in the “slow-roll” limit where κ2|β|φ˙2 ≪ 2M2√D,
c2T is approaching unity, recovering the standard case.
From the action, one gets the equation of motion for γ:
γ′′ij − c2T∇2γij +
(a2FT )′
a2FT γ
′
ij = 0 , (14)
which has the following solutions:
γij = constant.,
∫
dt
a3(t)FT , (15)
The power spectrum for tensor perturbations is therefore:
PT ≡ k
3
2π2
|γij |2 = 2H
2
GT cTπ2 , (16)
and the spectral index
nT ≡ d lnPT
d ln k
=
κ2βφ˙2
κ2βφ˙2 − 2M2√D (2ι−s)−2ǫ−sT (17)
where sT ≡ c˙T /(HcT ), ι ≡ φ¨/(Hφ˙). From those results
we find that the power spectrum for gravitational waves
deviates from scale invariance only up to slow-roll correc-
tions. However, its difference from the standard minimal
coupling case is also of the order of the slow-roll param-
eters, so if the sensitivity of the future observations is
smaller than the slow roll parameters, we can distinguish
our model from inflation models with minimal coupling.
What is more promising observationally is the feature
in scalar perturbations. Substituting Eqs.(10) and (11)
into action (1) and taking the scalar parts, one finds
the scalar perturbation action. First of all, considering
the Hamilton and momentum constraint equations: (1)
δS/δN = 0; (2) δS/δNi = 0, we obtained the following
two equations:
0 = −[12H2 + 2κ
2
f(φ)
√D (1−
9βH2
M2
f(φ)φ˙2)
− 2κ
2
f(φ)D3/2 (1 +
3βH2
M2
f(φ)φ˙2)2]A+ 12H [1
− κ
2βφ˙2
M2
√D −
κ2βφ˙2
2M2D3/2 (1 +
3βH2
M2
f(φ)φ˙2)]ζ˙ − 4a−2[1
− κ
2βφ˙2
2M2D3/2 (1 +
3βH2
M2
f(φ)φ˙2)]∂2ζ − 4a−2H [1
− κ
2βφ˙2
M2
√D −
κ2βφ˙2
2M2D3/2 (1 +
3βH2
M2
f(φ)φ˙2)]∂2ψ , (18)
0 = [2(1− κ
2βφ˙2
M2
√
D )H −
κ2βHφ˙2
M2D3/2 (1 +
3βH2
M2
f(φ)φ˙2)]A
−(2− κ
2βφ˙2
M2
√
D )ζ˙ +
κ2β2Hf(φ)φ˙4
M4D3/2 (3Hζ˙ − a
−2∂2ζ
−a−2H∂2ψ) . (19)
Interestingly, in the second (momentum) constraint
equation, there are not only terms involving A and ζ˙,
but also nontrivial terms in ∂2ζ and ∂2ψ, which orig-
inate from the β-term. In the usual minimal coupling
case where these terms are absent, one can easily find
the simple relations A ∼ ζ˙, ∂2(ζ + Hψ) ∼ ζ˙ which,
upon substituting into the action (1) result in a sec-
ond order perturbation action that is homogeneous in
the order of derivatives [19]. However, it is not the
case here. It is impossible to cancel those extra terms,
and combining (18) and (19) will give solutions to A
and ∂2ψ which both inevitably contain ∂2ζ and ζ˙, mak-
ing the perturbed action non-quadratic in the spatial
derivatives. This is due to the fact that our action is
no longer linear in X˜ (given in eq. (2)), or more es-
sentially, the extrinsic curvature KijK
ij − K2 which is
related to X˜ through eq. (11). In the standard case
where the action is linear in KijK
ij − K2, such as
S ∼ Υ(KijKij − K2) where Υ is a space-independent
background parameter, variation of the action w.r.t. δNi
gives rise to Υ∇i(KijKij −K2) = Υ(HA− ζ˙) = 0, lead-
ing to A = ζ˙/H . However, for a nonlinear action, Υ
also contains space-dependent terms. Therefore the sec-
ond constraint equation becomes ∇i[Υ(KijKij −K2)] =
Υ∇i(KijKij−K2)+(KijKij−K2)∇iΥ = 0, and nontriv-
ial terms from∇iΥ appear. That is why we get correction
terms such as ∂2ζ and ∂2ψ which, as will be shown below,
will modify the dispersion relations of the perturbation.
In principle, following the way above, one can con-
struct even more variants of the DBI action such that
the constraint equations get modified, by adding nonlin-
ear gravitational terms such as Rn, RµνG
µν , or R......R
...
...
etc. However, as is well-known, most of these terms will
introduce higher derivatives in the background equations
of motion (5). As a result, new dynamical degrees of free-
dom need to be introduced. In many cases, these higher
derivative terms will lead to ghost instability, however,
in our model the background equations of motion remain
second order as in the Galileon theories, so there would
be no ghost, which will be shown below (the same argu-
ment has also been presented in [5]).
The constraint perturbation variables A and ∂2ψ can
in principle be solved, however the expressions are com-
plicated, and thus not useful for our analysis. For il-
lustrative purposes, we will be content with some limits
and consider only the leading order terms. First of all, it
is quite useful to define several dimensionless variables,
which will bring convenience to our calculations:
xβ ≡ κ
2βφ˙2
2M2
√D , xα ≡
αφ˙2
2
√D , y ≡
f(φ)M2pH
2
√D . (20)
The positivity of the sound speed for the tensor pertur-
bation requires 2M2
√D > κ2|β|φ˙2 which leads to the
condition |xβ | < 1. Therefore we will consider the limit
of |xβ | ≪ 1 for illustrative purposes. Moreover, |xα| ≪ 1
is also required by the slow-roll condition. With the help
of these variables, Eqs. (18) and (19) can be approxi-
4mated as:
0 ≃ [6H2 − κ
2(1 −D)
f(φ)D3/2 ]A− 6Hζ˙ +
2
a2
∂2ζ
+
2H
a2
∂2ψ , (21)
0 ≃ HA− ζ˙ − 2x
2
βy
a2H
∂2ζ − 2x
2
βy
a2
∂2ψ , (22)
which have the solution:
A ≈ ζ˙
H
− 4x
3
βy
a2H2
∂2ζ , ∂2ψ ≈ a
2(1−D)
2D2y ζ˙−
1
H
∂2ζ . (23)
Substituting into the second order perturbed action,
one finds
Sc2 ≈
1
2κ2
∫
d4xa3
[
6
xβ
D ζ˙
2 − 2ǫ
a2
(∂ζ)2
+
16x4βy
a4H2
(∂2ζ)2
]
, (24)
where we’ve made use of the assumption of H ≫M and
that the β-term dominates over the α-term. Note that
in order to get rid of the ghost problem, only xβ > 0
is allowed. This means that we need a positive coupling
constant β in this new DBI inflation model. Moreover,
the action (24) makes clear that in addition to the normal
quadratic terms, there is also a quartic term (∂2ζ)2. This
means that in the large k limit, the dispersion relation
will get modified. We will further discuss this novelty
below.
From the action in eq. (24), one gets the equation of
motion for the curvature perturbation ζ in a canonical
form:
u′′ + ω2u− z
′′
z
u = 0 , (25)
where u ≡ zζ, z ≡ a√3xβ/D, prime denotes derivative
with respect to conformal time: η ≡ ∫ a−1(t)dt, and
ω2 =
ǫD
3xβ
k2
[
1 + 24
x5β|y|
ǫ2D2
(
csk
aH
)2]
. (26)
with c2s = ǫD/3xβ. We also made use of ∂ → ik to
transfer this equation into the Fourier space.
From Eq. (26) one can see that, the fluctuation
modes can be divided into large-scale ones (k < kc)
and small-scale ones (k > kc) by a critical k-value:
kc ≡ aH
√
ǫD/(8x4βy), where the approximate dispersion
relation approaches ω ∼ k2η and ω ∼ k respectively.
Here we further made use of the relation aH ∼ −1/η.
Since a is growing with time while the other parameters
are nearly constant, kc is also time-growing. Therefore,
the wavenumber k of those large-scale modes which is less
than kc at the initial time of inflation will never exceed kc,
and the k4-term will never enter into the solution. Con-
versely, for the small-scale modes with k initially larger
than kc, k
4-term can have significant effects at the be-
ginning of inflation.
Solving Eq. (25) we get:
u =
√
π|η|
2
[H(1)ν (ωη) +H
(1)
−ν (ωη)] , (27)
where H(1) is the type I Hankel function, and we approx-
imately have ν ≃ 3 ∫ ωdη/(2ωη). For large-scale modes
we have ν ≃ 3/2, while for small-scale modes one has
ν ≃ 3/4. Therefore for the large-scale modes where the
k4-term can be neglected, making use of u = zζ, one gets
the standard solution:
ζ ≃ 1√
2k
eikη , (subhorizon)
∼ constant., 1
3
∫ Ddt
a3(t)xβ
, (superhorizon) (28)
where the subhorizon solution is the standard Bunch-
Davies vacuum solution, while in the superhorizon solu-
tion the first branch is the dominant one. The power
spectrum and spectral index are then:
P
(l)
S ≡
k3
2π2
|ζ|2 ≃ H
2
8π2
√
3xβ
ǫ3D , (29)
n
(l)
S ≡ 1 +
d lnP
(l)
S
d ln k
≃ 1 + 2ǫ− 3
2
ηe + ι− 3
4
s . (30)
where ηe ≡ ǫ˙/Hǫ. The index “(l)” denotes “large scales”.
Together with the tensor spectrum (16), one can also get
the tensor-to-scalar ratio:
r(l) ≡ PT
P
(l)
S
≃ 16ǫ
√
ǫD
3xβ
(31)
in its leading order for large-scale modes.
For the small-scale modes where the k4-term has to be
taken into account, the approximate solution of ζ in the
outside-horizon region is
ζ ≃ 1√
2ω(k, η)
exp
(
i
∫ η
ω(k, η′)dη′
)
, (subhorizon)
∼ H
√
D
6xβω3
, H
√
ω3D
6xβ
|η|3 , (superhorizon) (32)
where the subhorizon solution reduces to WKB solutions,
which is consistent with Ref. [43, 44] (see also [45]), while
in the superhorizon solution the first branch is the dom-
inant one.
The power spectrum is:
P
(s)
S ≃
H2
8π2
√
3xβ
ǫ3D
[
1− 36x
5
β |y|
ǫ2D2
(
csk
aH
)2]
, (33)
and the index “(s)” means “small scales”. At the crossing
time when csk ≃ aH , the term inside the round brackets
5reduces to 1. This shows that due to the k4-term, there
is a deficit at small scales in the power spectrum, which
can cause an additional red-tilt of the spectrum, aside
from the one due to the running of the parameters. This
is a new effect of our model.
The spectral index is:
n
(s)
S ≃ 1 +
d lnP
(s)
S
d ln k
= 1 + 2ǫ− 3
2
ηe + ι− 3
4
s+∆n ,(34)
∆n = − 36x
5
β|y|/ǫ2D2
1− 36x5β|y|/ǫ2D2
(5ǫx + ǫy − 2η − 2s) , (35)
where ǫx ≡ x˙β/Hxβ, ǫy ≡ y˙/Hy. One can see that, the
k4-term only gives rise to a correction of the order of
the slow-roll parameters (or even smaller) to the spectral
index, so nearly scale invariance will not be spoiled. The
reason for this is that the k4-term also depends on a and
H , and furthermore take the form of k2(k/aH)n where n
is an arbitrary integer. Corrections of this form will not
alter the scale-invariance of the power-spectrum, as has
been proved in the general form in Ref. [43, 44].
Finally, the tensor-to-scalar ratio reads
r(s) ≡ PT
P
(s)
S
≃ 16ǫ
√
ǫD
3xβ
[
1 + 36
x5β|y|
ǫ2D2
(
csk
aH
)2]
(36)
for small-scale modes.
C. Constraints on parameters
From the results above, it is possible to constrain the
parameters of our model with observational data. In our
model, there are two critical parameters, xβ and y. The
first one corresponds to the strength of the NKC, while
both of them determines the largeness of k4 correction.
From the result for the tensor-to-scalar ratio, it is
straightforward to express xβ as:
xβ ≃ 8.53× 10−3 ×
( ǫ
0.01
)3(0.1
r
)2
, (37)
which means, if future observations confirm that r is of
O(0.1) and the slow-roll parameter ǫ ≃ 0.01, then xβ will
be of order 10−2 to 10−3, namely the same order with ǫ,
which is consistent with our analysis above. Furthermore,
from the small-scale power spectrum one finds:
y ≃ ∆PS
PS
(
ǫ
xβ
)5 (
0.01
ǫ
)3
× 106 . (38)
where ∆PS/PS is the relative difference of the power
spectra due to the corrections. If the future observations
can distinguish different sources for this difference, our
model can be tested. An observation of step-like vari-
ation of the spectra tends to support our model, where
the parameter y (which is related to the function f(φ) in
action (1)) can be determined.
III. CONCLUSION
In this paper, we studied a new DBI inflation model,
with a NKC term under the square-root. Being nonlinear
in the action, this term may give us interesting phenom-
ena. On the background level, this term will contribute
to the effective mass of the inflaton, so that the constraint
on the inflaton mass can be relaxed.
On the perturbation level, our results are two-folded.
On the one hand, even though the higher-order correc-
tion is presented in the perturbative equation (which is
due to the non-linearity of the NKC term), the result
is not altered significantly that a nearly scale-invariant
power spectrum could still be obtained. This is because
the correction term is in a special form, in which the de-
pendences on k can be self-canceled. On the other hand,
the spectrum shows a deficit in the spectrum at small
scales and gives rise to a red tilt, as a result of the cor-
rections in the equation of motion. If future observations
can distinguish this effect from the one caused by running
of the slow-roll parameters, it may provide a test of our
model. It would also be interesting to see if our action
(1) can be derived from breaking spacetime symmetries
of some higher dimensional theory [46], in a similar spirit
as how the DBI action arises.
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